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We present an example of a reﬂexive, pseudocompact, non-compact, monothetic group H
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1. Introduction
Our aim is to continue the study of precompact reﬂexive groups. We always refer to reﬂexivity in the sense of
Pontryagin–van Kampen’s duality theory. One of the main results of this theory states that every locally compact topological
Abelian group G is reﬂexive, i.e., the canonical evaluation homomorphism αG : G → G∧∧ is a topological isomorphism of G
onto the second dual group G∧∧ . In particular, every compact Abelian group is reﬂexive.
It is natural to try to extend the latter fact to subgroups of compact Abelian groups, i.e., precompact groups. However, one
encounters several problems on this way. It is known that, for a precompact Abelian group G , the evaluation homomorphism
αG is always an open isomorphism of G onto the subgroup αG(G) of G∧∧ (this follows from 6.6, 6.8, and 6.10 of [4]),
but αG can fail to be either continuous or onto, or both [1, Examples 2.6, 2.7]. Another signiﬁcant diﬃculty was found
independently by Außenhofer [4] and Chasco [6]: If D is a dense subgroup of a metrizable topological Abelian group G ,
then the restriction mapping χ → χD is a topological isomorphism of G∧ onto D∧ . In particular, a precompact metrizable
Abelian group is reﬂexive if and only if it is compact.
The search for non-metrizable precompact non-compact reﬂexive groups has been quite successful. According to [1, The-
orem 2.8] or [12, Theorem 6.1], every pseudocompact Abelian group without inﬁnite compact subsets is reﬂexive. Curiously,
the existence of pseudocompact Abelian groups without inﬁnite compact subsets had been established in [19] much earlier
than the articles [1,12] appeared. This class of pseudocompact groups is very wide. Indeed, Galindo and Macario showed
in [12, Section 5] that under mild cardinal restrictions, every Abelian group G which admits a pseudocompact Hausdorff
group topology also admits another pseudocompact Hausdorff group topology in which all compact subsets of G are ﬁnite.
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the countable subgroups of those groups are closed (and even h-embedded, the explanation is given below). Therefore, no
pseudocompact non-compact reﬂexive group among those found in [1,12] is separable.
A wider class of precompact reﬂexive groups appears in [5]. It turns out that every commutative precompact Baire
group satisfying the Open Reﬁnement Condition (ORC for short) and without inﬁnite compact subsets is reﬂexive (see [5,
Theorem 2.8]). A topological group G satisﬁes ORC if for every continuous homomorphism f : G → H to a second countable
group H , one can ﬁnd an open continuous homomorphism π : G → K onto a second countable group K and a continuous
homomorphism g : K → H such that f = g ◦ π . It is clear that every pseudocompact group is Baire and satisﬁes ORC. By
[5, Lemma 2.5], a precompact group G satisﬁes ORC if and only if the closure of every countable subset of G∧p is countable,
where G∧p is the group G∧ endowed with the pointwise convergence topology. Therefore, for a precompact group G with
ORC, the separability of the dual group G∧ implies that G is separable metrizable. If in addition G is reﬂexive, then it is
compact and second countable.
These facts lead to the question as to whether there exists a separable, pseudocompact, non-compact reﬂexive group H .
Under the assumption of Martin’s Axiom, the aﬃrmative answer to this question can be obtained by combining [1, Propo-
sition 3.4] and [9, Theorem 3.9]. In fact, MA implies the existence of a separable, countably compact, non-compact reﬂexive
group (see Remark 2.5(b) for more details).
In Theorem 2.3 we present a ZFC example of a monothetic (hence separable), pseudocompact, non-compact reﬂexive
group H such that the dual H∧ is precompact, Baire, connected, and admits a continuous isomorphism onto the circle
group. Actually, we construct the group G = H∧ as a dense reﬂexive subgroup of Tc and then take H to be G∧ . In addition,
all countably compact subsets of H are ﬁnite, but H contains a proper dense (hence non-closed) cyclic subgroup. This
answers another question raised in the end of Section 2 of [21] in the aﬃrmative.
The main idea of our construction of the group G is based on Lemmas 2.1 and 2.2 in which we characterize the con-
nectedness and the Baire property of subgroups of products of precompact groups in terms of their projections to countable
subproducts.
We have also to mention that a series of reﬂexive countably compact non-compact reﬂexive groups was found in [13].
All of them are dual groups of certain reﬂexive P-groups, i.e., topological groups in which all Gδ-sets are open. No group
of this series can be separable either. Indeed, by [13, Lemma 3.1], the dual to a P -group is ω-bounded, i.e., the closures of
countable sets are compact. Hence a separable ω-bounded group is compact and its dual is discrete.
1.1. Notation and terminology
In the use of notation and concepts from the duality theory we follow [4,6]. In particular, the dual group, G∧ , of a given
topological Abelian group G is the group of all characters of G , i.e., continuous homomorphisms of G to the circle group T
when the latter is identiﬁed with the subgroup {z ∈C: |z| = 1} of the complex plane C. The group G∧ will always carry, if
otherwise is not speciﬁed explicitly, the compact-open topology. If, however, all compact subsets of G are ﬁnite, then the
compact-open topology on G∧ turns out to be the topology of pointwise convergence on elements of G .
A subgroup K of a topological Abelian group G is said to be h-embedded in G if every homomorphism f : K → T (no
continuity restrictions on f ) admits an extension to a continuous homomorphism f˜ : G → T. It is clear from the deﬁnition
that all homomorphisms of an h-embedded subgroup K of G to T are continuous. Therefore, the topology of K inherited
from G contains the maximal precompact topology of K . If the group G is precompact, then its subgroup K is h-embedded
if and only if K inherits from G the maximal precompact topology.
A topological group G is R-factorizable if for every continuous real-valued function f on G , one can ﬁnd a continuous
homomorphism p : G → H onto a second countable topological group H and a continuous function h on H such that
f = h ◦ p (see [3, Chapter 8]). We will use this notion in the proof of Lemma 2.2.
The direct sum of a family {Gα : α ∈ A} of abstract groups is ⊕α∈A Gα . If Gα = G for each α ∈ A, the corresponding
direct sum is denoted by G(A) .
Let X =∏i∈I Xi be the product of a family {Xi : i ∈ I} of spaces. For every i ∈ I , let pi : X → Xi be the natural projection,
pi(x) = x(i) for each x ∈ X . Given a canonical open set U ⊆ X , we put
supp(U ) = {i ∈ I: pi(U ) = Xi
}
.
Clearly, supp(U ) is a ﬁnite subset of I .
Suppose that f i : X → Yi is a mapping for every i ∈ I . Then the diagonal product of the family { f i : i ∈ I} is denoted by
i∈I f i . Clearly, i∈I f i maps X to the product Y =∏i∈I Y i .
The symbols [A]<ω and [A]ω stand for the families of ﬁnite and countable subsets of A, respectively. The power of the
continuum is denoted by c, so c = 2ω .
2. The example
We start with two lemmas about subgroups of products of precompact groups which give a clue about our recursive
construction of the group G in the proof of Theorem 2.3.
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Baire iff π J (G) is Baire for every countable set J ⊆ I , where π J is the projection of Π to Π J =∏i∈ J P i .
Proof. Clearly the product group Π and its subgroup G are precompact. Hence the necessity follows from [5, Lemma 3.2]:
Every continuous homomorphic image of a precompact Baire group is Baire.
By [5, Proposition 3.3], the suﬃciency will follow if we show that every second countable continuous homomorphic
image of G is Baire. Suppose that f : G → H is a continuous homomorphism of G onto a second countable group H .
According to [3, Lemma 8.5.4], we can ﬁnd a countable set J ⊆ I and a continuous homomorphism g of π J (G) to H such
that f = g ◦π J G . By our assumptions, the precompact group π J (G) is Baire, so [5, Lemma 3.2] implies that H = g(π J (G))
is Baire as well. This ﬁnishes the proof. 
As in the previous lemma, we do not assume that the groups in Lemma 2.2 are Abelian.
Lemma 2.2. Let G be an arbitrary subgroup of the product Π = ∏i∈I P i of precompact groups. Then G is connected iff π J (G) is
connected for every countable set J ⊆ I , where π J is the projection of Π to Π J =∏i∈ J P i .
Proof. Suppose that G is disconnected and take non-empty disjoint open sets U and V in G such that G = U ∪ V . Let f
be a real-valued function on G , f (U ) = {0} and f (V ) = {1}. Clearly, f is continuous. Since every precompact topological
group is R-factorizable by [3, Corollary 8.1.17], we can ﬁnd a continuous homomorphism p : G → H onto a second countable
group H and a continuous real-valued function h on H such that f = h ◦ p. As in Lemma 2.1, we apply [3, Lemma 8.5.4] to
ﬁnd a countable set J ⊆ I and a continuous homomorphism ϕ of π J (G) to H such that p = ϕ ◦ π J G .
G
f
π J
p
{0,1}
π J (G)
ϕ
H
h
Hence g = h ◦ϕ is a non-constant continuous function on π J (G) with values 0 and 1, so π J (G) is disconnected. This proves
the lemma. 
The theorem below is the main result of the article.
Theorem 2.3. There exists a reﬂexive, pseudocompact, non-compact, monothetic group H such that the Pontryagin dual H∧ of H is
precompact, connected, Baire, and admits a continuous isomorphism onto the circle group. In addition, the countably compact subsets
of both H and H∧ are ﬁnite.
Proof. In fact, we are going to construct a reﬂexive, connected, Baire group G (which will be H∧) as a dense subgroup
of Tc. Once the group G is deﬁned, one takes H = G∧ . To guarantee the pseudocompactness and monotheticity of H it
suﬃces to choose G in such a way that every countable subgroup of G be h-embedded and the restriction to G of the
projection p0 : Tc → T0 be a one-to-one mapping of G onto T. Notice that the latter condition implies that G admits a
continuous isomorphism onto the circle group, i.e., G and T are algebraically isomorphic and the topology of G reﬁnes the
usual topology of T. In its turn, the existence of a continuous one-to-one mapping of G onto T implies that G is hereditarily
real compact [10, 3.11.B]. Therefore, every pseudocompact subspace of G is compact.
Further, since every countable subgroup of G is h-embedded in G , all compact subsets of G are ﬁnite by [1, Proposi-
tion 2.1], and the dual group G∧ carries the topology of pointwise convergence on elements of G . Hence [14, Proposition 3.4]
implies that G∧ is pseudocompact. Notice that all pseudocompact (equivalently, compact) subspaces of G are ﬁnite.
Further, since i = p0G is a continuous isomorphism of G onto T, the subgroup S = i∧(T∧) of G∧ separates elements
of G , where i∧ : T∧ → G∧ is the continuous monomorphism dual to i. Therefore S is dense in G∧ . However, T∧ is alge-
braically isomorphic to the group Z, so the pseudocompact group G∧ is monothetic.
By the Comfort–Ross duality theorem [8, Theorem 1.3], the reﬂexivity of the group G will follow if we manage to
guarantee that all compact subsets of G∧ are ﬁnite (we recall that the compact subsets of G are ﬁnite as well). Since G
is going to be Baire, the dual group G∧ cannot contain non-trivial convergent sequences by [5, Corollary 2.4]. Therefore, it
may contain only uncountable compact subsets. Constructing G appropriately we will show that every uncountable set in
G∧ contains an inﬁnite discrete subset which is closed in G∧ , so the countably compact subsets of G∧ must be ﬁnite. Notice
that the dual H = G∧ of the reﬂexive group G is also reﬂexive.
Let us collect the properties of the groups G and G∧ we have to guarantee:
(1) every countable subgroup of G is h-embedded;
(2) G is dense in Tc and the restriction to G of the projection p0 : Tc → T0 is one-to-one and onto;
(3) every uncountable set in G∧ contains an inﬁnite discrete subset closed in G∧;
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(5) G is connected.
We recall that all compact subsets of G will be ﬁnite by (1), while the combination of (3) and (4) implies the same property
of G∧ . It also follows from (1) that the dual group G∧ is pseudocompact. In its turn, (2) implies that G∧ is monothetic. In
fact, the density of G in Tc permits us to identify the group dual to G algebraically. Since every character on G uniquely
extends to a character on the product group Tc, we see that G∧ is algebraically isomorphic to (Tc)∧ ∼= Z(c) , the direct sum
of c copies of the group Z. Further, for every α < c, the projection pα : Tc → Tα to the αth factor, when restricted to G ,
can be considered as a character of G and the group G∧ is algebraically generated by the set {pαG: α < c}.
The group G will be constructed as follows. Let ϕ0 be the identity isomorphism of T onto itself. For every ordinal
α with 0 < α < c, we will deﬁne a (discontinuous) homomorphism ϕα : T → T. Let ϕ be the diagonal product of the
family {ϕα : α < c}. Then ϕ is a monomorphism of T to Tc, and we put G = ϕ(T). In other words, G is the graph of the
homomorphism ϕ˜ = 0<α<cϕα . In what follows we denote by ϕA the diagonal product of the family {ϕα : α ∈ A}, where
A is an arbitrary non-empty subset of c.
Let us rewrite conditions (1)–(5) in terms of the family {ϕα : α < c}:
(1′) For every countable subgroup S of T and every homomorphism f : S → T, there exists α ∈ c\{0} such that ϕα(x) = f (x)
for each x ∈ S;
(2′) For every positive integer n and arbitrary pairwise distinct ordinals α1, . . . ,αn ∈ c \ {0} and non-empty open sets
V0, V1, . . . , Vn in T, there exists x ∈ V0 such that ϕαi (x) ∈ Vi for i = 1, . . . ,n;
(3′) For all A ∈ [c]<ω , B ∈ [c \ (A ∪ {0})]ω , and every non-trivial character χA ∈ (TA)∧ , there exists x ∈ T such that
χA(ϕA(x)) = 1 and ϕα(x) = 1 for each α ∈ B;
(4′) For every B ∈ [c]ω and every family {Fn: n ∈ ω} of closed nowhere dense sets in TB , there exists x ∈ T such that
ϕB(x) /∈⋃n∈ω Fn;
(5′) For every B ∈ [c]ω with 0 ∈ B and every closed nowhere dense subset F of TB such that pB0 (F ) has a non-empty
interior in T, there exists x ∈ T such that ϕB(x) ∈ F . Here pB0 : TB → T0 is the projection.
Now we explain why the combination (1′)–(5′) implies (1)–(5).
We start with (1′) ⇒ (1). Let C be a countable subgroup of G and h : C → T be a homomorphism. Put S = ϕ−1(C) and
f = h ◦ ϕ . Clearly f is a homomorphism of the countable subgroup S of T to T. By (1′), there exists an ordinal α with
0 < α < c such that f coincides with the restriction of ϕα to S . Since pα ◦ ϕ = ϕα and ϕ is an isomorphism of T onto G ,
we see that h = pαC . Therefore, every homomorphism of C to the circle group admits an extension to a continuous
homomorphism of G to T, namely, the projection of G to the αth factor Tα , for some α < c. Thus C is h-embedded in G .
It is clear that (2′) is an equivalent reformulation of (2).
To see that (4′) implies (4) it suﬃces, by Lemma 2.1, to verify that πB(G) is Baire for each B ∈ [c]ω , where πB : Tc → TB
is the natural projection. Since πB ◦ ϕ = ϕB for each B ⊆ c, we see that πB(G) = ϕB(T), while (4′) guarantees that for a
countable set B ⊆ c, ϕB(T) cannot be covered by countably many nowhere dense subsets of TB . This implies that πB(G) is
Baire, as required.
The proof of the implication (2′)&(5′) ⇒ (5) is similar to the above argument. By Lemma 2.2, we only need to check that
πB(G) = ϕB(T) is connected for every B ∈ [c]ω . Notice that if πB(G) is disconnected, then so is πC (G), where C = B ∪ {0}.
Since ϕC (T) is dense in TC by (2′), there exist non-empty disjoint open sets U and V in TC such that ϕC (T) ⊆ U ∪ V . Let
F = U ∩ V , the closures are taken in TC . Then F is a closed subset of TC and F ∩ (U ∪ V ) = ∅. It follows that F ∩ϕC (T) = ∅
and, hence, F is nowhere dense in TC . Since ϕC (T) is dense in TC and the projection of ϕC (T) to the factor T0 is onto,
Lemma 1 of [18] implies that the closed set pC0 (F ) has a non-empty interior in T. However, then ϕC (T) ∩ F = ∅ according
to (5′), which is a contradiction.
Finally we show that (2′)&(3′)&(4′) ⇒ (3). This part of our argument is a bit more involved. We already know that (4′)
implies the Baire property of the group G . In its turn, by [5, Corollary 2.4] (see also [7, Proposition 1.4] or [11]), this implies
that the dual group G∧ endowed with the topology of pointwise convergence on elements of G does not contain non-trivial
convergent sequences. Suppose that C is an inﬁnite countably compact subset of G∧ . Then C is uncountable—otherwise C
would be compact and hence it would contain non-trivial convergent sequences.
It is well known that (Tc)∧ ∼= Z(c) , so every character of Tc depends on ﬁnitely many coordinates. In other words,
for every character ψ ∈ (Tc)∧ distinct from the neutral element of (Tc)∧ , one can ﬁnd a ﬁnite set A = {α1, . . . ,αn} ⊆ c
and non-trivial characters λ1, . . . , λn ∈ T∧ such that ψ = ψA ◦ πA , where ψA is a character of the group TA deﬁned by
ψA(x) =∏ni=1λi(x(αi)) for each x ∈ TA . It is clear that this representation of ψ is unique. Let us put coord(ψ) = A and
ψ(αi) = λi for each i = 1, . . . ,n. We also put ψ(α) = 1 for each α ∈ c \ A, where 1 is the neutral element of T∧ .
Since G is dense in Tc by (2′), every character χ ∈ G∧ extends uniquely to a character χ of Tc. Note that the group
(TB)∧ is countable for each countable B ⊆ c, so the family {coord(χ): χ ∈ C} is uncountable. Therefore, using the -system
lemma [16, A2.3], we can ﬁnd an uncountable subset D of C and a ﬁnite set R ⊆ c such that coord(χ) ∩ coord(χ ′) = R for
any distinct χ,χ ′ ∈ D . Let R = {β1, . . . , βk}. Since (TR)∧ is countable, we can assume without loss of generality that there
exist characters λ1, . . . , λk ∈ T∧ such that χ(βi) = λi for all χ ∈ D and i = 1, . . . ,k.
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ψ = ψR ◦ πR , where ψR ∈ (TR)∧ is deﬁned by ψR(x) =∏ ki=1λi(x(βi)) for each x ∈ TR . Let ψG be the restriction of ψ to G .
It is clear that
χ · ψ−1G = χ · ψ−1 and coord
(
χ · ψ−1)= coord(χ) \ R
for each χ ∈ D , where ψ−1G is the inverse of ψG in G∧ . Hence our choice of D implies that
coord
(
χ · ψ−1)∩ coord(χ ′ · ψ−1)= ∅
for all distinct χ,χ ′ ∈ D . Since the translation of the group G∧ by the element (ψG)−1 is a homeomorphism of G∧ onto
itself, it suﬃces to verify that D ′ = D · (ψG)−1 contains an inﬁnite discrete subset which is closed in G∧ .
Since G∧ does not contain non-trivial convergent sequences, there exists a neighborhood U of the neutral element eˆ in
G∧ such that D ′ \ U is inﬁnite. We claim that every countable set E ⊆ D ′ \ U is closed and discrete in G∧ .
Indeed, take an arbitrary character χ ∈ G∧ distinct from eˆ. Then we can ﬁnd A ∈ [c]<ω and χA ∈ (TA)∧ such that χ =
χA ◦πA . Since coord(φ)∩coord(φ′) = ∅ for distinct φ,φ′ ∈ E , there exists a ﬁnite set F ⊆ E such that coord(φ)∩(A∪{0}) = ∅
for each φ ∈ E \ F = E ′ . Put B =⋃φ∈E ′ coord(φ). Then B is a countable subset of c and B ∩ (A∪{0}) = ∅. By (3′), there exists
an element x ∈ T such that χA(ϕA(x)) = 1 and ϕα(x) = 1 for each α ∈ B . Since ϕA(x) = πA(ϕ(x)) and χ = χA ◦ πA , we
see that χ(ϕ(x)) = χ(ϕ(x)) = χA(ϕA(x)) = 1. Similarly, if ψ ∈ E ′ , it follows from coord(ψ) ⊆ B and the equality ϕα(x) = 1
for each α ∈ B that ψ(ϕ(x)) = 1. Therefore, the open neighborhood V = {φ ∈ G∧: φ(ϕ(x)) = 1} of χ in G∧ contains at
most ﬁnitely many elements of E , namely, V ∩ E ⊆ F . This proves that the inﬁnite subset E of D ′ is closed and discrete in
G∧ . Therefore, E · ψG ⊆ D is an inﬁnite closed and discrete subset of G∧ . We have thus proved that all countably compact
subsets of G∧ are ﬁnite.
It remains to construct a family {ϕα : α < c} of homomorphisms of T to T satisfying conditions (1′)–(5′) (we recall that
ϕ0 is the identity isomorphism of T). To this end we need to ﬁx several enumerations of objects that appear in (1′)–(5′).
(a) Let {(Sα, fα): 0 < α < c} be an enumeration of all pairs (S, f ), where S is a countable subgroup of T and f : S → T is
an arbitrary homomorphism.
(b) Let {Uα : 0 < α < c} be an enumeration of all canonical open sets U in Tc such that 0 ∈ supp(U ). We can assume that
supp(Uα) ⊆ α for each α > 0.
(c) Let {(Aα, Bα,φα): 0 < α < c} be an enumeration of all triples (A, B, φ), where A ∈ [c]<ω , B ∈ [c]ω , B ∩ (A ∪ {0}) = ∅,
and φ ∈ (TA)∧ . We can enumerate these triples in such a way that Aα ∪ Bα ⊆ α for each α > 0.
(d) Let {(Cα,λα): 0 < α < c} be an enumeration of all pairs (C, λ), where C ∈ [c]ω and λ is a countable family of closed
nowhere dense sets in TC . Again, we assume that Cα ⊆ α for each α > 0.
(e) Let {(Dα, Fα): 0 < α < c} be an enumeration of all pairs (D, F ), where D ∈ [c]ω , 0 ∈ D , and F is a closed nowhere
dense subset of TD such that its projection pD0 (F ) has a non-empty interior in T0 = T. We assume once again that
Dα ⊆ α for each α > 0.
Let L0 = tor(T) be the torsion subgroup of T. Denote by ϕ0,0 the identity isomorphism of L0 onto itself. Suppose that
for some α < c, α = 0, we have deﬁned families {Lγ : γ < α} and {ϕβ,γ : β  γ < α} satisfying the following conditions for
all β,γ with β  γ < α:
(i) Lγ is a subgroup of T, Sγ ⊆ Lγ if γ = 0, and |Lγ | |γ | · ω;
(ii) Lγ ⊆ Lγ ′ if γ < γ ′ < α;
(iii) ϕβ,γ : Lγ → T is a homomorphism;
(iv) ϕβ,γ ′Lγ = ϕβ,γ whenever β  γ < γ ′ < α;
(v) ϕ0,γ is the identity isomorphism of Lγ onto itself;
(vi) ϕβ,βSβ = fβ if β = 0;
(vii) if Uγ = p−10 (V0) ∩
⋂n
i=1 p
−1
βi
(Vi), where {β1, . . . , βn} ⊆ γ \ {0} and V0, . . . , Vn are open subsets of T, then there exists
x ∈ Lγ ∩ V0 such that ϕβi ,γ (x) ∈ Vi for each i = 1, . . . ,n;
(viii) there exists y ∈ Lγ such that φγ (ϕAγ ,γ (y)) = 1 and ϕν,γ (y) = 1 for each ν ∈ Bγ , where ϕA,γ stands for μ∈Aϕμ,γ
for any set A ⊆ γ ;
(ix) there exists z ∈ Lγ such that ϕCγ ,γ (z) /∈
⋃
λγ ;
(x) there exists t ∈ Lγ such that ϕDγ ,γ (t) ∈ Fγ .
It is clear that conditions (vi)–(x) correspond to (1′)–(5′), respectively.
Suppose that α is a non-limit ordinal, α = δ + 1. At the step δ we have deﬁned the families {Lγ : γ  δ} and {ϕβ,γ : β 
γ  δ} satisfying (i)–(x). Put Lδ,1 = Lδ + Sα . Since Sα is countable, the group Lδ,1 satisﬁes |Lδ,1| |Lδ| · ω |δ| · ω |α| · ω.
Consider the canonical open set Uα in Tc. There exist pairwise distinct ordinals β1, . . . , βn in α \{0} and non-empty open
sets V0, V1, . . . , Vn in T such that Uα = p−10 (V0)∩
⋂n
i=1 p
−1
βi
(Vi). Since |V0| = c, we can choose an element x ∈ V0 \ {1} such
that 〈x〉 ∩ Lδ,1 = {1}. For every i = 1, . . . ,n, pick an element vα,i ∈ Vi .
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〈y〉 ∩ (Lδ,1 + 〈x〉)= {1} and 〈z〉 ∩ (Lδ,1 + 〈x, y〉)= {1}.
Since tor(T) = L0 ⊆ Lδ ⊆ Lδ,1, the elements x, y, z have inﬁnite order.
Let us now consider the triple (Aα, Bα,φα). Then Aα is a ﬁnite subset of α, Bα is a countable subset of α \ (Aα ∪ {0}),
and φα is a non-trivial character of TAα . Let Aα = {ν1, . . . , νk}, where ν1 < · · · < νk . Choose uα ∈ TAα such that φα(uα) = 1.
Further, we take the pair (Cα,λα). Since the compact group TCα is Baire, there exists an element wα ∈ TCα \⋃λα .
For (x), consider the pair (Dα, Fα), where Dα is a countable subset of α, 0 ∈ Dα , and Fα is a closed nowhere dense
subset of TDα such that pDα0 (Fα) has a non-empty interior in T, say O . Since |O | = c, we can ﬁnd an element t ∈ O \
(Lδ,1 + 〈x, y, z〉). Again, t has inﬁnite order. Pick an element gα ∈ Fα with gα(0) = t .
Let Lα = Lδ,1 + 〈x, y, z, t〉. It is clear that |Lα | |α| · ω. Denote by ϕ0,α the identity isomorphism of Lα onto itself. Since
the group T is divisible, there exists a homomorphism ϕα,α of Lα to T such that ϕα,αSα = fα . This implies (vi) at the
step α.
It remains to deﬁne homomorphisms ϕβ,α : Lα → T for all β with 0 < β < α. It is worth noting that, by our choice
of x, y, z, t ∈ T, every homomorphism f : Lδ,1 → T admits an extension to a homomorphism h : Lα → T with arbitrary
prescribed values at the elements x, y, z, t .
For every i = 1, . . . ,n, put ϕβi ,α(x) = vα,i (see the choice of x)—this is to guarantee (vii) at the step α. Also, put
ϕνi ,α(y) = uα(νi) for each i = 1, . . . ,k (we recall that {ν1, . . . , νk} = Aα ) and ϕβ,α(y) = 1 for each β ∈ Bα . This will im-
ply (viii) at the step α. Further, to take care of (ix), let ϕβ,α(z) = wα(β) for each β ∈ Cα . Finally, for (x), put ϕβ,α(t) = gα(β)
for each β ∈ Dα \ {0}. According to the above observation, each homomorphism ϕβ,δ with 0 < β  δ extends to a ho-
momorphism ϕβ,α : Lα → T with the values at x, y, z, t just deﬁned. If 0 < β < α and β does not belong to the union
{β1, . . . , βn} ∪ Aα ∪ Bα ∪ Cα ∪ Dα , then we take ϕβ,α to be an arbitrary homomorphic extension of ϕβ,δ over Lα . It is clear
that the families {Lγ : γ  α} and {ϕβ,γ : β  γ  α} satisfy (i)–(x).
The case of a limit ordinal α < c is similar to the one just considered. First, we put L˜α =⋃β<α Lβ . It follows from (i)
that |˜Lα |  |α| · ω. By (iii) and (iv), for every β < α there exists a homomorphism ϕ˜β,α : L˜α → T which extends ϕβ,γ
for all γ with β  γ < α. Clearly, ϕ˜0,α is the identity isomorphism of L˜α onto itself. Once we deﬁned L˜α and the family
{ϕ˜β,α : β < α}, choose points x, y, z, t ∈ T using the group L˜α,1 = L˜α + Sα in place of Lδ,1. Then we put Lα = L˜α,1+〈x, y, z, t〉,
choose a homomorphism ϕα,α : Lα → T satisfying ϕα,αSα = fα , and extend each ϕ˜β,γ with β  γ < α to a homomorphism
ϕβ,α : Lα → T as in the case of a non-limit ordinal α. This ﬁnishes our recursive construction.
Finally, since every element t ∈ T is contained in the (countable) cycle subgroup 〈t〉 of T, it follows from (i) that T =⋃
γ<c Lγ . By (iv), for every β < c, there exists a homomorphism ϕβ of T to T such that ϕβLγ = ϕβ,γ for each γ satisfying
β  γ < c. Let also ϕ0 be the identity isomorphism of T onto itself. It is easy to see that the family {ϕβ : β < c} satisﬁes
conditions (1′)–(5′), so the groups G = ϕ(T) and H = G∧ are as required, where ϕ is the diagonal product of the family
{ϕβ : β < c}. 
Remark 2.4. Unlike G , the group H in Theorem 2.3 is disconnected. Indeed, let i : G → T be a continuous isomorphism of G
onto the circle group. Denote by K the two-element subgroup of T generated by −1 and let C = i−1(K ). Then the restriction
mapping of G∧ onto C∧ , χ → χC , is a continuous homomorphism. Since the group C∧ ∼= C ∼= Z(2) is disconnected, so
is G∧ .
We can, however, change the construction of the group G in Theorem 2.3 and make the dual group H = G∧ connected
as well. The price of this improvement is the necessity to change the circle group T by the compact connected metrizable
group P = (Qd)∧ , the dual of the discrete group of rationals. It is well known that the group P is divisible and torsion-free
(see [15, 10.13 and 25.4]). As in Theorem 2.3 one can deﬁne a dense connected reﬂexive subgroup GP of P c such that
the restriction to GP of the projection p0 : P c → P0 will be one-to-one and onto and the countable subgroups of GP will
be h-embedded in GP . Notice that the group HP = (GP )∧ won’t be monothetic, but it will contain the countable dense
subgroup j∧(P∧), where j∧ : P∧ → (GP )∧ is the homomorphism dual to j = p0GP .
Since all compact subsets of GP are ﬁnite, HP is a topological subgroup of TGP . Therefore, by Lemma 2.2, the connect-
edness of HP will follow if we show that πC (HP ) is connected for every countable subset C of GP , where πC : TGP → TC
is the projection. Since GP is divisible, the countable set C is contained in a countable divisible subgroup D of GP . Hence D
is algebraically isomorphic to Q(A) , the direct sum of countably many copies of the group Q (see [17, 4.1.5]). Since D is h-
embedded in GP , we conclude that the restriction homomorphism rD , rD(χ) = χD , maps HP = (GP )∧ onto the connected
group D∧ ∼= (Q(A))∧ ∼= P A (notice that the dual groups (GP )∧ and D∧ carry the pointwise convergence topology). It follows
from C ⊆ D that the group πC (HP ) = rC (HP ) is connected as well. This proves that HP is connected.
Remark 2.5. (a) Under CH , there exists a countably compact, connected, separable group H without inﬁnite compact subsets
(see [20, Theorem 1]). Hence H is reﬂexive by [1, Theorem 2.8], while the dual group G = H∧ is precompact and admits a
continuous isomorphism onto a separable metrizable group. It is not clear, however, whether the dual group G is Baire or
not.
(b) It follows from [9, Theorem 4.4] that under Martin’s Axiom, every torsion-free Abelian group H of cardinality c
admits a countably compact Hausdorff group topology τH . In addition, the construction presented in the proof of the
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are ﬁnite (this can be deduced from (A1) and (A2) on p. 826 of [9]). Therefore, the group (H, τH ) is reﬂexive and its dual
G = (H, τH )∧ is precompact. Furthermore, if one takes S0 = N0 = Z in the last paragraph on p. 827 of [9], then S0 turns
out to be a dense cyclic subgroup of (H, τH ). Clearly this implies that G admits a continuous isomorphism onto the circle
group. Once again, we do not know whether G is Baire or not.
Following [2] we say that a space X is countably pracompact if X contains a dense subset Y such that every inﬁnite set
A ⊆ Y has an accumulation point in X . It is clear that countably compact spaces are countably pracompact and that count-
able pracompactness implies pseudocompactness (in Tychonoff spaces). Neither of the two implications can be inverted.
Remark 2.5 gives rise to the following problem in which we attempt to strengthen the pseudocompactness of the
group H in Theorem 2.3 to countable pracompactness:
Problem 2.6. Does there exist in ZFC a countably pracompact non-compact reﬂexive monothetic group H such that the dual
group H∧ is precompact and Baire?
It is clear that all compact subsets of the group H in Problem 2.6, if it exists, must be ﬁnite.
It is known that the countable subgroups of the dual G∧ of a pseudocompact group G are h-embedded [14, Proposi-
tion 3.4]. In this case, every countable subgroup of G∧ is closed [1, Proposition 2.1]. It would be interesting to characterize
this property of the dual group G∧ in terms of G:
Problem 2.7. Characterize the class of (precompact) Abelian groups G such that all countable subgroups of (G∧, τp) are
closed, where τp is the topology of pointwise convergence on elements of G .
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